Introduction {#Sec1}
============

We discuss a two-dimensional (nonlinear) plate model to describe the spontaneously bent configurations of pre-stretched bilayer sheets that can be obtained by tuning the pre-stretches in the two layers. Our motivation is to try to acquire a thorough understanding of a model system ("easily" realised in a laboratory, and "easily" reproducible in numerical simulations based on the finite element method) to study shape programming and morphing of surfaces in a relatively simple and controllable setting. We plan to use the results obtained with the model system to address similar questions arising in more complex physical systems where heterogeneous spontaneous deformations are induced by swelling due to the absorption of a liquid (hydrogels \[[@CR22]--[@CR24], [@CR29]\] and hygromoprphic structures \[[@CR26]\]), or by phase transformations driven by applied thermal or electro-magnetic fields (shape-memory alloys \[[@CR6]\]; liquid crystal elastomers \[[@CR11], [@CR13], [@CR27], [@CR31], [@CR32]\]).

The study of shape changes induced by heterogeneous response to external stimuli in thin structures has a long history. Among the classical contributions regarding the thermal buckling of a bi-metal strip or disk, we cite \[[@CR30]\] and \[[@CR12]\]. A variant of this problem is the study of thermally-induced delamination and blistering of thin film coatings deposited over solid substrates, see, e.g., \[[@CR14], [@CR15]\] and the many references cited therein. While often the shape changes are detrimental to the correct functioning of a structure, such as in the blistering of coating films, they can be exploited to perform a function, like in the use of bimetallic strips as thermostats. And in recent years, the problem of exploiting material heterogeneities to induce controlled shape changes in response to an external, spatially homogeneous stimulus has received considerable attention.

Often, interesting solutions to this problem of shape programming are inspired by biological structures. In the realm of plants or animals, shape control is usually accomplished by growth (in which case shape evolution is slow) or by active stresses or distortions (a mechanism akin to muscle contraction, in which case shape evolution can be fast and used, for example, for locomotion or to trap prey insects in carnivorous plants). Morphogenesis, shape control and programming, and morphing of surfaces are by now classical research topics in Mechanics. The literature is vast, and growing at a very fast pace.

Inspired by \[[@CR8], [@CR28]\], we propose here the use of composite, layered thin films, made by pre-stretching and gluing latex sheets in various ways, to study the emergent shapes in a thin structure that relaxes to equilibrium by developing differential strains along the thickness. Also the case of spontaneous curvature arising form lateral (i.e, within the mid-plane) strain variations is interesting and important. This mechanism is based on the Theorema Egregium of Gauss, see, e.g. \[[@CR5], [@CR20]\], and this will be considered elsewhere since we focus here on homogenous pre-strecthing of each of the two halves of a symmetric bilayer. We show that by "engineering" the pre-stretch in each of the two layers, one can reproduce different structural models, such as the bistable shell and the shell with zero stiffness with respect to twisting discussed in \[[@CR18]\] and \[[@CR17]\], respectively. Moreover, by uniaxially pre-stretching one of the layers, and shaping the mid-plane of the bilayer in the form of a long and narrow rectangle, one can reproduce the system considerered in \[[@CR8]\] by varying the angle between the long axis of the rectangle and the pre-stretch direction. We analyse the resulting tuneable helical ribbons, and the emergence of spontaneously curved shapes, with the help of a different model than the one considered in \[[@CR8]\].

Three-dimensional model for pre-stretched bilayers {#Sec2}
==================================================

Before proceeding, let us establish some general notation which will be used throughout. For the standard basis of $\documentclass[12pt]{minimal}
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Small thickness limit and two-dimensional bending model {#Sec3}
=======================================================

The model presented in the previous section falls within the framework analysed in \[[@CR2], [@CR3]\], where thin sheets of nematic elastomers are considered. These are soft phase transforming materials which, as a consequence of the isotropic-to-nematic phase transformation, develop preferred stretches of the form ([2.6](#Equ6){ref-type=""}). They are described by elastic energy densities of the form ([2.8](#Equ8){ref-type=""}). It is proved in \[[@CR2], [@CR3]\] that, in the thin limit $\documentclass[12pt]{minimal}
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Spontaneously bent bilayers {#Sec4}
===========================
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Uniaxial pre-stretch in the bottom layer {#Sec5}
----------------------------------------
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Equal uniaxial pre-stretches at right angles in the two layers {#Sec6}
--------------------------------------------------------------
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Equibiaxial pre-stretch in the bottom layer {#Sec7}
-------------------------------------------
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In view of the rotational symmetry of the problem, there are infinitely many curvature tensors minimising the bending energy ([3.1](#Equ11){ref-type=""}), namely,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega$$\end{document}$ can be mapped by a deformation of minimal bending energy into a helix wrapped around a cylinder of radius ([4.6](#Equ23){ref-type=""}), of arbitrary pitch from zero (in which case it is a circle covered multiple times) to infinity (in which case it is a straight generatrix parallel to the cylinder axis). This means that rectangular strips cut out of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =\mathbb {R}^2$$\end{document}$ may behave as shells with zero stiffness to twisting, as in \[[@CR17]\]. Of course, in reality the stiffness of the system will not be exactly zero and some preferred configuration will be selected by imperfections and edge effects, see \[[@CR4], [@CR10], [@CR21]\]. Nevertheless, the elastic behaviour of these ribbons will be anomalousy soft, when compared to similar sheets with different pre-stretches, or no pre-stretches at all.

The soft modes of response of the system discussed above are described pictorially in Fig. [3](#Fig3){ref-type="fig"}. Explicit equations describing this continuous family of isometries of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega$$\end{document}$ of minimal bending energy can be found in \[[@CR3]\].Fig. 3A shell with anomalously low stiffness to twisting emerges in the case of of equibiaxial pre-stretch in only one of the two layers

Discussion {#Sec8}
==========

We have shown that pre-stretched latex bilayer sheets can provide us with a very valuable tool to explore shape-programming and surface morphing problems. Based on the predictions of a (nonlinear) bending model, we expect that, by tuning the pre-stretches in the top and bottom halves of the bilayer, we should be able to reproduce a large variety of structural behaviours: from the tunable helical ribbons of \[[@CR8]\], to the bistable shells and the shells of zero stiffness of \[[@CR17], [@CR18]\].

Several questions and research directions open up as a follow-up of the results of this paper. First, we plan to investigate, both computationally and with laboratory experiments, the reliability of the predictions we have made, which are based on a bending energy functional that arises as a thin film Gamma-limit of a three-dimensional elastic model with spontaneous strains. This will also enable us to go beyond the restrictive scenario of homogeneously curved plates and shells, which can be approached with analytical calculations, and consider the effect of applied loads, imperfections, and edge boundary layers. For some preliminary results in this direction, see \[[@CR7]\].

In addition, we plan to export the understanding gained in the study of pre-stretched bilayer sheets, a model system, to more complex physical systems, such as patterned thin films made of hydrogels. This is an interesting system to explore questions regarding the design of not only the equilibrium shapes of thin structures, but also of their time-history (4D printing: where the dimension of time is added to the "standard" three space dimensions \[[@CR16]\]). For some preliminary results in this direction, see \[[@CR1], [@CR24], [@CR25]\].

We will return to this in \[[@CR7]\]
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